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Abstract

In this study, a high-resolution characteristic-based finite-volume (FV) method on unstructured grids [Int. J. Numer. Method

Eng. 50 (2001) 11; Int. J. Heat Fluid Flow 21 (2000) 432] is extended by a matrix-free implicit dual-time stepping scheme for the

numerical simulation of steady and unsteady flow and heat transfer with porous media. The method has been used to study the

characteristics of a complex problem: flow and heat transfer in a channel with multiple discrete porous blocks, which was originally

proposed by Huang and Vafai [J. Thermophys. Heat Transfer 8 (3) (1994) 563]. In addition, flow and heat transfer in a channel

partially or fully filled with porous layers and containing solid protruding blocks with constant heat flux on its lower surface are also

investigated in details. Hydrodynamic and heat transfer results are reported for both steady and transient flow cases. In particular,

the effects of Darcy and Reynolds numbers on heat transfer augmentation and pressure loss are studied. An in-depth discussion of

the formation and variation of recirculation is presented and the existence of optimum porous insert is demonstrated. At high

Reynolds numbers the flow in the porous channel exhibits a cyclic characteristics although unlike the non-porous channel flow, the

cyclic vortex development is only restricted to a small area behind the last solid block, while temperature changes more slowly and

does not exhibit cyclic variations over a long period of time. It is shown that for all the cases studied altering some parametric values

can have significant and interesting effects on both flow pattern as well as heat transfer characteristics.

� 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Theoretical and numerical investigations of fluid flow

and forced convection heat transfer in composite sys-

tems containing simultaneously fluid regions and porous
regions saturated with the same fluid have increased in

recent years. This interest is due to their wide ranges of

engineering applications such as direct contact heat

exchangers, heat pipes and electronic cooling, etc. It has

been demonstrated that the insertion of porous materi-

als can have a positive effect on convection heat transfer.

Hadim numerically studied laminar forced convection in
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fully and partially porous channels with discrete heat

sources on their bottom walls (Hadim, 1994). And it was

found that smaller Darcy number always resulted in a

significant increase in heat transfer. Furthermore a

partially porous channel configuration can be as effec-
tive as its fully porous counterpart in terms of improving

heat transfer if properly designed, while its pressure

drop is significantly lower than the latter. Similar studies

have also been undertaken by Huang and Vafai

(1993a,b, 1994), Vafai and Huang (1994), Fu et al.

(1996) and Abu-Hijleh (1997). In particular in the study

reported by Huang and Vafai (1994), the model used

was a horizontal plate with multiple blocks mounted
(shown in Fig. 1). The plates were maintained at con-

stant wall temperature and the fluid entered the channel

with a parabolic velocity profile.

mail to: myzhao@ntu.edu.sg


Nomenclature

a length of porous insert

c specific heat

Da Darcy number, K=H 2

F inertial coefficient
~F c convective flux vector
~F v viscous flux vector

H channel height

hl head loss
k thermal conductivity

K permeability of the porous medium

L channel length

Nu Nusselt number

Pr Prandtl number, mf=af

p pressure

q heat flux

Re Reynolds number, uavH=mf

Rk thermal conductivity ratio, keff=kf

Sp source term due to porous insert

t time

T temperature

u, v velocity components in the x- and y-directions
~U velocity vector

uav inlet averaging streamwise velocity

W vector of dependent variables

Greeks

a thermal diffusivity

b artificial compressibility

c kinetic energy coefficient

e porosity of porous medium

k binary parameter

kk wave speed

m kinetic viscosity

n normal co-ordinate

q density

r heat capacity ratio
u smoothing coefficient

s pseudo-time used in the artificial compress-

ibility method

Superscripts

n time step counter

* dimensionless quantity

Subscripts

av average

b bulk

eff Effective

f fluid
h homogeneous

i inlet

o outlet

w wall

Fig. 1. Schematic of force convection in a parallel plate channel with

porous block obstacles.
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The Brinkman–Forchheimer-extended Darcy model
was used to characterize the flow field inside the porous

regions in order to account for both the inertia and

viscous effects of the fluid. In order to concentrate on the

effect of geometric and thermo-physical variations, the

conductivity of the porous media was taken to be equal

to that of the fluid. Applying the central differencing for

diffusion terms and second-order upwind differencing

for the convective terms, the vorticity transport, stream
function and energy equations were solved by the con-

trol-volume integration of these differential equations

over discrete cells. A harmonic mean formulation was

used to treat the discontinuous characteristics at the
porous/fluid interface. The effects of various flow

parameters on forced convection enhancement were

analyzed and significant heat transfer augment was

achieved. Recently a study of heat transfer enhancement

with porous inserts in recirculation region of a flow over

a 2D backward-facing step was conducted by Martin

et al. (1998), who explored the use of porous inserts for

heat transfer enhancement in recirculating flows, espe-
cially flow over a backward-facing step using the finite-

volume SIMPLER method (Patankar, 1980). It was

showed that porous inserts could reduce or eliminate the

lower wall recirculation zone (behind the step). However,

in some cases the recirculating zone was lengthened if the

inserts were short and extremely porous, thus resulting in

poorer heat transfer performance with respect to a non-

porous duct. More recently Zhang and Zhao (2000,
2001) developed a new high-order characteristics-based

finite-volume algorithm on unstructured grids for

numerical simulation of incompressible laminar flow and

forced convection heat transfer in channels with porous

inserts. The method was validated and shown to be

accurate, efficient and robust for the study of convection

heat transfer in fully and partially porous media.
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In this paper, the method developed by Zhang and

Zhao (2000, 2001) is extended by a matrix-free implicit

dual-time stepping scheme so that the new method can

be employed to study not only time-independent
problems, but also time-dependent problems efficiently.

The method is used to perform a systematic study of

thermal convection in the fluid/porous composite sys-

tem as described by Huang and Vafai (1994) which is

found to exhibit very complex and unusual flow and

heat transfer phenomena. The main purpose of this

study is to further validate the method using such a

complex problem and also to gain new insight into the
physical aspects of the problem itself (for example, to

find out if the flow in this case is time-dependent).

Then the method is employed to study another chan-

nel flow with multiple protruding blocks and constant

heat flux on the lower wall. Both partially and fully

porous conditions and their influence on flow separa-

tion and circulation are investigated in details. Lastly

the Reynolds number is increased and the resulting
transient flow and heat transfer in the channel par-

tially filled with porous media is numerically studied.
2. Mathematical model

In this study, it is assumed that the flow is laminar,

incompressible and two-dimensional. The porous med-
ium is considered to be homogeneous, isotropic and in

local thermo-dynamic equilibrium with saturated fluid.

In addition, the thermo-physical properties of the fluid

and the solid matrix are assumed to be constant. The

governing conservation equations for the problem can

then be written separately for the fluid region and por-

ous region. The flow over the fluid region is governed by

the incompressible Navier–Stokes equations, while the
flow through the porous medium is governed by the

generalised momentum equation, which accounts for

the effects of the inertia and friction caused by macro-

scopic shear stress (Zhang and Zhao, 2000, 2001;

Hadim, 1994). Here the Brinkman–Forchheimer-

extended Darcy model is used to model the flow inside

the porous region. These two sets of equations are

coupled through matching conditions at the fluid/porous
interface. These conditions express continuity of normal

and tangential velocities, pressure, normal and shear

stresses, temperature, and heat flux.

In this work, the two sets of governing equations are

unified into one by introducing a binary parameter

(Zhang and Zhao, 2001)

k ¼ 1 in the porous regions; 0 < e < 1

0 in the fluid regions; e ¼ 1

�
ð1Þ

k is set to 1 or 0 in the porous region or no-porous one.

When we solve the unified governing equations, the

matching conditions at the fluid/porous interface are
automatically satisfied, so that the numerical solution

procedure is greatly simplified.

The resulting dimensionless governing equations

modified by the artificial compressibility method (Zhang
and Zhao, 2001) can be expressed as

C
oW
os

þ K oW
ot

þr �~F c ¼ r �~F v þ Sp ð2Þ

where

W ¼
p�

½k=e 	 ðk 	 1Þ
~U �

½kðr 	 1Þ þ 1
~T �

264
375

~F c ¼
½k=e 	 ðk 	 1Þ
b~U �

½k=e2 	 ðk 	 1Þ
~U �~U � þ p�dij
T �~U �

2664
3775

~F v ¼
0

½k=e 	 ðk 	 1Þ
 1
Re

ou�i
ox�j

þ ou�j
ox�i

� 	
½kðRk 	 1Þ þ 1
 1

PrRerT �

264
375

Sp ¼
0

k 1
DaRe þ Fffiffiffiffi

Da
p j~U �j

� 	
~U �

0

24 35

K ¼
0 0 0

0 1 0

0 0 1

24 35; C ¼
1
b 0 0

0 1 0

0 0 1

24 35
Here ~F c and ~F v are the convective and viscous flux

vectors respectively; Sp is the source term due to the

presence of porous medium; b is a constant called arti-

ficial compressibility whose value affects the solution

convergence. Note that the field variables in the porous

region are volume-averaged quantities as described by

Vafai and Tien (1981).
The dimensionless variables used in above equations

are defined as follows

t� ¼ t
H=uav

p� ¼ p 	 po

qu2
av

T � ¼ T 	 Ti

qH=k

x� ¼ x=H y� ¼ y=H u� ¼ u=uav v� ¼ v=uav

r ¼ ðqCÞeff=ðqCÞf Rk ¼ keff=kf

The boundary conditions are such that no-slip and no-

penetration boundary conditions are imposed at the

solid walls. At the inlet, the incoming fluid has a uniform
temperature, and a fully developed laminar flow profile

or a uniform velocity is prescribed. At the downstream

end of the computational domain, the non-dimensional

pressure there is set to zero. The local Nusselt number is

evaluated, namely

Nu ¼ qH
ðTw 	 TiÞkf

ð3Þ
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The local dimensionless pressure drop is calculated as

DP � ¼ Dp
1=2qu2

av

ð4Þ

The average Nusselt number and pressure drop in the

channel are obtained by the integration of the local
values over the channel length.
3. Numerical approach

The numerical method, using high-order unstruc-

tured-grid finite-volume and characteristics-based (CB)

scheme for convection flux calculation, has been pre-
sented in (Zhang and Zhao, 2000, 2001). An more de-

tailed description of the high-order interpolation for the

convective flux calculation and the CB scheme are given

in Appendix A.

The 2D equations in (2) are discretized on an

unstructured grid. A cell-vertex scheme is adopted here.

For every vertex, as shown in Fig. 2, a control volume is

constructed using the median dual of the triangular grid.
Spatial discretization is actually performed using the

integral form of the conservation equations over the

control volume surrounding a node or vertex P

C
o

os

Z Z
Scv

WP dS þ K
o

ot

Z Z
Scv

WP dS

þ
Z Z

Scv

r �~Fc dS þ
Z Z

Scv

r �~Fv dS þ
Z Z

Scv

SP dS

ð5Þ

The convection term is transformed in order to

introduce the CB scheme using an edge-based procedureZ Z
Scv

r �~F c dS ¼
I
Lcv

~F c � d~l ¼
Xnedge

k¼1

½ð~F cÞkij � D~lk
 ð6Þ
Fig. 2. Construction of control volume of vertex P .
where nedge is the number of the edges associated with

vertex P , ð~F cÞkij is the convection flux through the part of

control volume boundary (similar to 1-Cij-2 in Fig. 2)

whose length is Dlk.
The viscous term is calculated by a cell-based methodZ Z
Scv

r �~F v dS ¼
I
Lcv

~F v � d~l ¼ 1

2

Xncell

i¼1

ð~F v � D~lpÞi ð7Þ

where D~lpi is the edge vector of the cell edge opposite to

vertex P of the triangle under consideration. Here the

ð~F vÞi is calculated at the center of the triangle cell with a

vertex P , which can be obtained by using the Green’s

Theorem based on the variables at the three vertices of

the triangle. The gradient of a flow variable U at the

center of a cell is evaluated as:

rUjcell i ¼
R R

Scell
rUdSR R

Scell
dS

¼
R
Lcell

U~n � dlR R
Scell

dS
ð8Þ

where Scell is the area of cell i and Lcell is the boundary

edges of cell i. For flow variables at a node, the calcu-

lation is based on the area (denoted by S) averaging of
those at the centers of the surrounding cells:

rUjnode k ¼
PN

i¼1ðrUjcell i � Scell iÞPN
i¼1 Scelli

ð9Þ

Scell i is the area of the triangular cell i as shown in Fig. 3

and N is the number of cells associated with node k.
For a certain vertex P , the spatially discretized

Navier–Stokes equations without the pseudo-time term

form a system of coupled differential equations, which

may be written as

C
oWP
ot

¼ 	 1

DScv

Xnedge

k¼1

½ð~F cÞkij � D~lk

(

	 1

2

Xncell

i¼1

ð~F c � D~lÞi

)
þ Sp

¼ 	QðWP Þ
DScv

þ Sp ¼ 	RðWP Þ ð10Þ

To improve computational efficiency, implicit schemes

can be used in order to use the largest possible time step
Fig. 3. Viscous flux calculation.



Fig. 4. Streamlines: (a) 40,000-node mesh, (b) 84,000-node mesh.
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sizes permitted by accuracy consideration. However,

most implicit schemes require a large amount of com-

puting effort per time step compared with explicit

schemes, making them less attractive for many unsteady
flow simulations. Here a matrix-free implicit scheme

(Zhao, 2004) is derived, which is found to be efficient in

terms of memory required and computing effort per time

step. This is due to the fact that no matrix manipulation

is required by the scheme.

An implicit scheme is adopted to approximate equa-

tion (10) and the semi-discrete form is given as

C
o

ot
ðDScvW nþ1

P Þ ¼ 	RðW nþ1
P Þ ð11Þ

The superscript ðnþ 1Þ denotes the time level at

ðnþ 1ÞDt and all the variables are evaluated at this time

level. In this work, o
ot is discretized using a second-order

accurate backward differencing formula and Eq. (11)

can be rewritten as follows.

C
1:5DScvW nþ1

P 	 2:0DScvW n
P þ 0:5DScvW n	1

P

Dt
þ RðW nþ1

P Þ

¼ eRðW nþ1
P Þ ¼ 0 ð12Þ

where eRðW nþ1
P Þ is the new modified residual which

contains both the time derivative and flux vectors.

The advantage of the above implicit scheme is that

the physical time step size is not restricted by numerical
stability, but only by numerical accuracy. This is espe-

cially useful in unsteady flow simulation where the

maximum time step size is much smaller than the size

permitted by accuracy consideration. The derivative

with respect to the pseudo-time s, is added to the above

equation to reformulate the unsteady Navier–Stokes

equation as,

KDScv

W nþ1;mþ1
P 	 W nþ1;m

P

Ds
¼ eRðW nþ1;m

P Þ ð13Þ

whose solution is sought by marching to a pseudo-
steady-state in s. The superscript ðmþ 1Þ and ðmÞ de-

notes time levels in pseudo-time. Once the artificial

steady-state is reached, the derivative of WP with respect

to s becomes zero, and the solution will satisfyeRðW nþ1
P Þ ¼ 0. This is actually the solution to Eq. (10).

Hence the original unsteady Navier–Stokes equations

are fully recovered. Therefore instead of solving each

time-step in physical time domain (t), the problem is
transferred into a sequence of steady-state computation

in the artificial time domain (s). A matrix-free implicit

scheme is derived to solve the discretized NS equations.

For details of the scheme, please refer to Appendix A;

the efficiency of the scheme has been demonstrated in

(Zhao, 2004) for a general flow problem and will not be

further discussed here.
4. Results and discussion

4.1. Flow and heat transfer in a channel with porous

blocks

The Navier–Stokes equations have been solved

numerically for the same case as numerically studied by

Huang and Vafai (1994). The motivation here is to

further study this complex problem which has some

unusual flow characteristics and merits further study. In

addition we also want to find out the robustness of the

scheme by applying it to such a difficult problem. One
thing we can do with the new scheme is to find out if the

flow would exhibit any instability at the Reynolds

number specified since the method has been extended to

perform time marching calculations, which means that

both steady and unsteady flows can be calculated

automatically. A detailed comparison of streamlines,

velocity distribution, isotherms and the quantitative

details of Nusselt number distribution across the chan-
nel is carried out. The mesh used in Huang and Vafai

(1994) was a structured grid with 218 · 69 cells, which

has 15,330 nodes. The basic parameters of the forced

convection in the channel with porous blocks emplaced

at the bottom wall are Re ¼ 750, Da ¼ 10	5, K ¼ 0:35,

Pr ¼ 0:7, keff=kf ¼ 1:0, A ¼ 4, B ¼ 1 and H � ¼ 0:25 (see

Fig. 1). In order to obtain mesh independence, we have

generated a series of unstructured grids. The results of a
40,000-node mesh are compared with those using 84,000
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nodes in Fig. 4. Fig. 4(a) shows the streamlines obtained

with the 40,000-node mesh. It has clearly revealed the

recirculation behind each porous insert. It is noted that

the dimensionless height of each recirculation ðy=HÞ is
about the same as the dimensionless height of the por-

ous inserts. By visual inspection, this value of y=H is

0.25. However, when the mesh size is increased to 84,000

nodes, the dimensionless height of the recirculation has

increased to 0.58 (see Fig. 4(b)) which is the same

magnitude obtained in Huang and Vafai (1994). The

authors, Huang and Vafai (1994) had commented on

these interesting features of large vortices behind each
porous block separated by small recirculation regions

rotating in a direction opposite to that of the larger

ones. In this study, we observe similar features, but with

some differences. For example, the large vortices are

confined in the second halves of the space in between

two neighboring porous blocks and the counter-rotating

ones are in front of the larger ones in the first halves. On

the other hand, results in Huang and Vafai (1994) (see
Fig. 5) indicate that the large vortices exist in the first

halves of the space and they even partially extend into

the porous blocks in front and the smaller counter-

rotating ones come behind the large ones in the second

halves. We believe the latter is less likely to happen than

what we obtain because the larger vortices could be

easily pushed backwards to the second halves by the

high velocity in the non-porous part of the channel
above. In addition, with such a low Darcy number the

vortices could not easily extend into the porous blocks.

The flow is also found to be slightly unstable behind the

last porous block.
Fig. 5. Results by Huang and Vafai (1994): (a) stream
As it is well known that the number of nodes and

computational time are closely related. If there is a need

to increase the mesh density for better results, this could

be done at the expense of longer computational time.
Hence, to minimize computational time, we use point

insertion around specific region only. In this case, the

selected area is 66 x=H 6 13 and 06 y=H 6 0:7. Then, a

brief study is conducted and no more than 1% difference

in results is found when the mesh size is increased from

50,000 to 84,000 nodes. As such, a mesh size of 78,000

nodes is chosen. And the final results in terms of

streamlines, velocity distribution and isotherm plots are
given in Fig. 6. From Fig. 6(a), the height ðy=HÞ of the

first three recirculations are 0.5 while the last recircula-

tion is 0.45. In comparison to Fig. 6(a), the height of the

four recirculations are the same. As for the velocity

distribution and the isotherms, the region inside each

porous insert has a flat velocity profile and uniform

isotherms in x-direction. This is due to the fact that the

porosity of insert used is in the order of 10	5, which
results in weak convection and uniform isotherms in

x-direction.

A comparison of local Nusselt number distributions

of the two studies is shown in Fig. 7(a) (Huang and

Vafai, 1994) and Fig. 7(b) (current study). For non-

porous channel, both cases show good agreement on

numerical values. As for the partially filled porous

channel, the first peak in Fig. 7(a) indicates a value of
Nu ¼ 35, which is slightly lower than the one in Fig.

7(b). The next two peaks in Fig. 7(a) are higher than

those in Fig. 7(b), probably due to the different pre-

dicted locations of the large vortices. They have an
lines, (b) velocity distribution and (c) isotherms.



Fig. 6. Final results: (a) streamlines, (b) velocity distribution and (c) isotherms.
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average value of 34 while Fig. 7(b) is 30. However, the

last peaks are the same, which is just above 30. The

overall shapes of the local Nusselt number distribution
are similar for both.

4.2. Fully porous channel with protruding solid blocks

In this section, the channel studied is shown in Fig. 8

and all the space is filled with porous media, and the

physical parameters used are Pr ¼ 0:72 and e ¼ 0:97.

The inflow fluid has a uniform temperature and the
lower wall has a constant heat flux. However, the step

wall has a fixed temperature which is the same as the in

flow temperature. The emphasis of this study is to

investigate the influence of some of the parameters,

namely Darcy number, Reynolds number, insert
dimension and thermal conductivity ratio on the flow

field within a simple but well-studied geometry. With a

Reynolds number of 900, the effect of different Darcy
numbers on the flow and heat transfer in the channel is

studied. It is noted that the only variation in the

streamline plots shown in Fig. 9 is within the cavities.

Fig. 9(b) shows the presence of a full recirculation in the

first cavity with Da ¼ 10	2. Decreasing the Darcy ðDaÞ
number to 10	3 and 10	4, i.e. having a lower perme-

ability porous matrix, changes this phenomenon. By

comparison Fig. 9(b), (d) and (f) show that the recir-
culation zone diminishes as Da number decreases.

However, the greatest drawback of having small Da
number is the high pressure-drop across the channel.

The effect of total dimensionless pressure drop with

various Da numbers is displayed in Fig. 10. Close



Fig. 7. Local Nusselt number distribution: (a) result from Huang and Vafai (1994); (b) result of present study.

Fig. 8. Dimensions of the channel and porous blocks.
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Fig. 9. Streamline plots (a), (c), (e): fully porous channel.

0 5 10 15

X/H

20

40

60

80

100

120

140

160

180

C
P

DA=1.0E-2

DA=1.0E-3

DA=1.0E-4

Fig. 10. Effects of total dimensionless pressure drop in the fully porous channel at various Darcy numbers.
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examination of Fig. 10 shows that the pressure drop for

Da ¼ 10	3 is about three times and Da ¼ 10	4 is nine

times higher than Da ¼ 10	2. The conclusion is that

pressure drop along the channel increases dramatically
as Darcy number decreases.

Fig. 11 illustrates the effects of Darcy number on the

bottom wall temperature variation. This distribution

always peaks at the leading edge of each cavity where

x=H ¼ 0, 1.0, 2.0 and 3.0. As for the first cavity, Fig.

11(b) shows that there is a decrease in the wall temper-

ature as Da number decreases. This is because for

Da ¼ 10	4, the recirculation inside the cavity is elimi-
nated (as shown Fig. 9) and those ‘trapped’ heat is re-

moved by forced convection out of the cavity more

easily. It is noted that this phenomenon changes, when

the dimensionless horizontal distance ðx=HÞ increases

from 0.5 to 1.0 which is the downstream of the cavity,

heat coming out of the cavity and reduced convection

velocity due to the porous media increase the wall

temperature. Thus, the channel with lower permeability
porous matrix tends to has higher bottom wall temper-

ature. Therefore, Fig. 11(c) shows that Da ¼ 10	4 leads

to the highest bottom wall temperature and the distri-

bution drops gradually. The same distribution pattern

follows after the step at x=H ¼ 3:0 to the end of the

channel.

Fig. 12 illustrates the effects of Da number on lower

wall Nusselt number distribution. For the first cavity,
when Da ¼ 10	4, Nuw number is the highest. This im-

plies that h has to be the highest while ðTw 	 TfÞ is the

lowest, because q ¼ hðTw 	 TfÞ¼ constant. As shown in

Fig. 11(b), hw is the lowest for Da ¼ 10	4 inside the

cavity. But for the rest of the channel after the step, it is

not the case because wall temperatures are not the
0
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Fig. 11. Effects of Darcy number on the bottom wall temperature variation

(c) 0:56 x=H < 1:0.
lowest but the highest with Da ¼ 10	4. Therefore, to-

gether with the consideration of pressure drop across the

channel, there is a need to find an optimum configura-

tion of the porous matrix in terms of the permeability
used and the dimensions of porous inserts. Therefore,

the research is extended to study partially filled channel

with other permeability and dimensions used.

4.3. Partially porous channel with protruding solid blocks

The same channel as in the last section is used. In the

partially porous channel the location of the porous in-
serts are as follows: 06 x=H 6 0:5, 1:06 x=H 6 1:5,

2:06 x=H 6 2:5 and 3:06 x=H 6 3:5, i.e. they are in-

serted in the cavities between the solid blocks and be-

hind the last one as well. The effect of variations in the

Darcy number is depicted in Fig. 13 for Re ¼ 900 and

Da ¼ 10	2, 10	3 and 10	4. Here, an interesting phe-

nomenon happens only when Da ¼ 10	3: both the pri-

mary and secondary recirculations downstream of the
blocks are eliminated due to optimum permeability of

the porous media. This is because for smaller Da num-

bers, flow penetration into the porous insert that is lo-

cated after the step is significantly reduced. When the

limit is reached, there is no streamline penetrating the

porous block and the flow just passes over the insert like

another solid step, after which recirculation starts to

form. This is shown in Fig. 13(c), where it is found that
the porous block ‘pushes’ the primary recirculation

backward by 0.5H. Similarly the secondary recirculation

is being shifted downstream. Similar observations can be

made in the cavities, where the degree of recirculation is

greatly reduced as the flow just bypasses those cavities

and continues its journey downstream.
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The variation of dimensionless lower wall tempera-

ture ðhwÞ is displayed in Fig. 14 and it is seen that the

Darcy number has a significant impact on the temper-

ature distribution. Especially when Da ¼ 10	3, hw is the

lowest after the step. This is due to the elimination of

recirculations after the step. Unlike the previous case, hw

is the highest for Da ¼ 10	4 inside the cavity, due to the

weakest recirculation inside. Since dimensionless wall

temperature ðhwÞ is inversely proportional to the lower
wall Nusselt number distribution ðNuwÞ, it is essential to

study the Nusselt number distribution in order to

understand the effects of convection across the channel.

Fig. 15 shows the distribution of the Nuw number along

the lower wall of the channel. Here there is an interesting

overall trend in the Nuw number distribution. There
exists an optimum Da number (10	3) corresponding to

the largest values of the Nuw number. From Fig. 15(a),

at x=H ¼ 4:0 onwards, the Nuw number decreases
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gradually. This is due to the elimination of those two

recirculation zones. However, inside the cavities as Da
number decreases from 10	2 to 10	4, the Nuw number

also decreases. With reference to Fig. 15(b), Da ¼ 10	2

results in the highest Nuw number in the cavity, which

means that in the cavity there is stronger convection

heat transfer, therefore more heat is being removed
when Da is reduced. From Fig. 13, we can see that as Da
increases, especially Da ¼ 10	4, there is a weak recir-
culation in the cavities, and fluid entering and leaving

the cavities are minimum. As a result, this reduces the

effect of convection and results in a higher dimensionless

wall temperature. On the other hand, the region outside

the cavities has higher Nuw as there is strong convection

over the region.

From the streamline plots and the Nusselt number
distribution in the partially porous channel (a=H ¼
b=H ¼ 0:5, homogeneous case), Da ¼ 10	3 seems to be
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the optimum value to be used as it successfully elimi-

nates all recirculations and also significantly enhances
heat transfer in the channel. The next area of interest is

the pressure drop across the channel. Fig. 16 shows the

effects of dimensionless pressure drop ðP �Þ, with

Da ¼ 10	3 resulting in the greatest pressure drop across

the channel.

4.4. Unsteady flow in the partially porous channel

For the channel partially filled with porous media,

the parameters used are the same as the previous section

except that Re ¼ 1000. As for the porous inserts, the

dimensions of porous used are a=H ¼ b=H ¼ 0:5 inside

each cavity and a=H ¼ 0:2 and b=H ¼ 1:0 after the step.

This means that the last porous block actually traverse

the whole channel and this configuration is found to

have greater impact on the flow field. The Darcy number
is fixed at 10	3.

4.4.1. Non-porous channel

For comparison purposes, we first calculate the

channel flow without any porous medium at all. The

flow is found to be unsteady and shows a cyclic varia-

tion. Fig. 17 shows the streamlines at the third cavity

and behind the step at different time instants. Fig. 17(a)
clearly shows the recirculation in the cavity and also the

primary separated region behind the step. At this time

instant, the recirculation insides each cavity has been

fully developed. Interestingly, at the bottom corner, a

much smaller recirculation (B) of opposite sign to the

primary recirculation (A) is spotted. From this instant

onwards, there is a constant interaction between these

two recirculations. Then, near the upper wall at some
distance downstream, another counter-clockwise rotat-

ing recirculation (C) is formed. This recirculation is also

called secondary recirculation. C begins to show sign of

doubling with ‘C1’ and ‘C0’. Further down the channel,

another recirculation labeled as ‘D0’, is induced by C0 at

x=H ¼ 9:57.
At PT¼ 340 (see Fig. 17(b)), the primary recircula-

tion indicates features of doubling with ‘A0’ and ‘A1’.

When this happens, it is noted that ‘B’ becomes smaller

in size. Meanwhile, ‘C1’ has moved downstream with
‘C0’ disappearing. Similarly, ‘D0’ has shifted down-

stream as well. In Fig. 17(c), the streamline plot at this

instant shares the same feature as the previous plot. The

only difference is a larger horizontal translation of ‘C’

and ‘D’ downstream. At the next instant, in Fig. 17(d),

this doubling effect diminishes inside the primary recir-

culation when ‘A1’ combines with ‘A0’. Interestingly, ‘C’

also begins to show sign of doubling with ‘C2’ forming
before ‘C1’. As ‘D0’ continues its motion, ‘C1’ induces

another recirculation ‘D1’ before ‘D0’. Finally, in Fig.

17(e), ‘D0’ disappears with ‘D1’ replacing its position.

These four time frames show the development of the

unsteady flow insides the non-porous channel and after

which the whole cycle repeats itself.

4.4.2. Partially porous channel

Fig. 18 shows the streamlines from PT¼ 70 onwards

when the porous media are inserted. Fig. 18(a) shows

the dissipation of the primary recirculation (A). At this

time instant, it has moved downstream to x=H ¼ 4:35.

As the energy dissipation of A continues, this recircu-

lation diminishes. In the next instant, recirculation A

shifts forward to x=H ¼ 3:55 as shown in Fig. 18(b).

With the use of porous inserts, the core flow down-
stream is less wavy and this exhibits a more steady flow.

It is noted that the secondary recirculation (C) near the

upper wall is absent, and also within the primary recir-

culation (A), there is no further separation of the re-

circulation into another smaller recirculation. Fig. 18(c)

clearly shows the growth and expansion of recirculation

(A). At this instant, PT¼ 90, the recirculation inside the

cavity has not been fully developed.
From the streamline plots from (d) to (j), there is the

same pattern for the development of recirculation (A).

To summarize this development, ‘A’ tends to grow and

expand till the threshold of energy sustaining the recir-

culation is reached. Then, the dissipation of energy takes

place and the sign of doubling surfaces. After this, the

first recirculation tends to grow while the second recir-

culation tends to diminish in size. The growing recircu-
lation will overtake the position of the second

recirculation. When this takes place, doubling effect

disappears and there is only one recirculation left. This

cycle repeats itself in every time interval of 30.

Fig. 19(a) shows that the variations of temperature

along the bottom wall inside the cavity are more grad-

ual. This explains why porous media can be used for

generating more uniform temperature on the cavity’s
bottom wall. The temperature along the cavity’s wall

increases monotonically with time. In Fig. 19(b), the

presence of the primary recirculation causes a steep

drop in bottom wall temperature after the step ðTbwÞ.



Fig. 17. Flow development inside the non-porous channel.
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However, after the recirculation zone, Tbw remains a

constant. There is no adverse temperature changes along

the wall at x=H greater than 5.0. Temperature on the

bottom wall keeps increasing from T ¼ 330 to 440. Fig.

19(c) indicates a gradual decrease in temperature along

the upper wall after the step ðTuwÞ. Eventually, Tuw

reaches a uniform value from x=H equals 10.0 onwards.
Different from the previous two plots, the temperature

along the upper wall increase suddenly from T ¼ 330 to

340, then steadily declines up to T ¼ 440.
5. Conclusions

An characteristic-based finite-volume algorithm on
unstructured grids is extended by a implicit matrix-free

dual-time stepping scheme and applied to analyze steady

and unsteady incompressible flow and forced convection

heat transfer in channels which are partially and fully

filled with porous media. Hydrodynamic and heat
transfer results are reported for two cases: (1) flow in a

channel with insertion of porous blocks and (2) forced

convection in a channel with solid blocks which is fully

or partially filled with porous media. In both cases, the

characteristics of the flow fields and heat transfer in the

channels are greatly changed due to the porous inser-

tion. The effects of Darcy and Reynolds numbers on
heat transfer augmentation and pressure loss are inves-

tigated. An in-depth discussion of the formation and

variation of recirculation is presented and the existence

of optimum porous insert is demonstrated. At high

Reynolds numbers the flow in the porous channel

exhibits a cyclic characteristics although unlike the non-

porous channel flow, it is only restricted to a small area

behind the last solid block, while temperature changes
more slowly and does not exhibit cyclic variations over a

long period of time. It is shown that for all the cases

studied altering some parametric values can have sig-

nificant and interesting effects on both flow pattern as

well as heat transfer characteristics.



Fig. 17 (continued)
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Appendix A

The left and right state vectors WL and WR at a section

of control volume surface, associated with an edge with
two ends i and j, are evaluated using an upwind-biased

interpolation scheme (MUSCL)

WL ¼ Wi þ
1

2
½ð1 	 jÞi~j � rWi þ jDþ

i 


WR ¼ Wj 	
1

2
½ð1 	 jÞi~j � rWj þ jDþ

j 


where j is set to 1/3 which corresponds to nominally

third-order accuracy. And

Dþ
i ¼ D	

j ¼ Wj 	 Wi

D	
i ¼ Wi 	 Wi	1 ¼ 2 ij

!� rWi 	 ðWj 	 WiÞ

¼ 2 ij
!� rWi 	 Dþ

i

Dþ
j ¼ Wjþ1 	 Wj ¼ 2 ij

!� rWj 	 ðWj 	 WiÞ

¼ 2 ij
!� rWj 	 D	

j

Suppose that n is a new co-ordinate outward normal to

the boundary of a control volume that surrounds a

particular vertex. It is assumed that flow in n-direction is

approximately one-dimensional. In the t-space as shown

in Fig. 20, flow variable W at pseudo-time level nþ 1

can be calculated along a characteristics k using a Taylor

series expansion and the initial value at time level nðW kÞ.
In the s–n space as shown in Fig. 20, flow variable W at
pseudo-time level nþ 1 can be calculated along a char-

acteristics k using a Taylor series expansion and the

initial value at pseudo-time level nðW kÞ

W ¼ W k þ WnnsDs þ WsDs

and



Fig. 18. Flow development inside the partially porous channel.
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Ws ¼
W 	 W k

Ds
	 Wnns

A wave speed kk is introduced

ns ¼ kk
ffiffiffiffiffiffiffiffiffiffi
nxinxi

p
and the normal vector components are

nxj ¼ nxj=
ffiffiffiffiffiffiffiffiffiffi
nxinxi

p
Here a matrix-free implicit scheme is derived to solve the

discretized NS equations. All the variables W on the

control volume surface (at the center of every edge) at

pseudo-time level nþ 1 are determined based on calcu-
lations along the characteristics and are then used for

convection flux calculations on the control-volume sur-

face (Zhang and Zhao, 2000, 2001). An approximate

flux function is introduced here to simplify the implicit

time stepping calculation. Following Luo et al. (2001),

the total flux (including inviscid and viscous fluxes)

across a control-volume surface associated with a cer-

tain edge ij can be approximated as

Fij �
1

2
~F ci �~n
h

þ~F cj �~n	 jkijjðWi 	 WjÞ
i

here kij is the spectral radius associated with edge ij:



Fig. 18 (continued)
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kij ¼ ~U �~nij þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~U �~nijÞ2 þ b2

q
A Taylor series expansion is performed for the residual
in Eq. (11) with respect to the pseudo-time for node i:

eRðW mþ1
i Þ ¼ eRðW m

i Þ þ
oeRi
oWi

þ
Xjm
j¼j1

oeRi
oWj

DWj

And in all the R terms, the Taylor series expansion of the

fluxes are

oFij
oWi

¼ 1

2

oF cij
oWi

�
	 jkijj

�

oFij
oWj

¼ 1

2

oF cij
oWj

�
þ jkijj

�

And for the physical time-dependent terms, we have

W mþ1
i ¼ W m

i þ DWi

After combining all the residuals at every node in the

flow field into a vector, we have

RðW mþ1;nþ1Þ ¼ RðW m;nþ1Þ þ ADW
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where

A ¼ oRi
oWj

� �
And the whole-field equivalent of Eq. (13) can then be

rewritten as:
DSnþ1
cv

Dt þ 1:5Ds
Dt

�
	 ADs

DSnþ1
cv

�
DW
Ds

¼ Rnþ1;m 	 1:5W nþ1;mDSnþ1
cv 	 2:0W nDSncv þ W n	1DSn	1

cv

Dt
ðA:1Þ



Fig. 20. Characteristics.
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i.e.

DSnþ1
cv

eA DW
Ds

¼ eRnþ1;m

Thus

DSnþ1
cv

DW
Ds

¼ eeRmþ1;n

hereeeRmþ1;n ¼ eA	1eRnþ1;m

eA ¼ Dt þ 1:5Ds
Dt

	 ADs
DScveRnþ1;m ¼ eRnþ1;m

	 1:5W nþ1;mDSnþ1
cv 	 2:0W nDSncv þ W n	1DSn	1

cv

Dt

Further approximation can be introduced in order to

achieve matrix-free computation. If we employ point

implicit treatment to the above equations, then only the

diagonal terms in eA is used in the pseudo-time stepping.

As a result, Eq. (A.1) for every node can now be written

as:

DSnþ1
cvi

DWi
Ds

¼ eeRmþ1;n

i ðA:2Þ

hereeeRmþ1;n

i ¼ eA	1
ii
eRmþ1;n
i

and

eA	1
ii ¼ Dt þ 1:5Ds

Dt

�
	 AiiDs

DScvi

�	1
Pseudo-time stepping is then performed on Eq. (A.2).

For a five-stage scheme, optimum the stage coefficients

are
a1 ¼ 1=4; a2 ¼ 1=6; a3 ¼ 3=8; a4 ¼ 1=2; a5 ¼ 1
To speed up convergence rate, an implicit residual-

smoothing scheme developed for unstructured grids was

employed (Zhang and Zhao, 2000, 2001).
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